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In this project we are going to develop a parameterized model for a small-scale unmanned
helicopter H-Ling (a Thunder Tiger Raptor-90) and its identification using various tech-
niques, including ARX, CIFER and PEM. The ultimate goal of this project is to extend
the current work to build a fully functional autonomous rotorcraft. The equations of
motion of a small-scaled rotorcraft are briefly reviewed first. We then briefly introduce
the mathematics of PEM. With the flight test data, we obtain the identified parameters
of the dynamical model. Numerical simulations and table of identified parameters are
provided to show the consistency and correctness of our results. List the nonlinear model
that has already been found out finally,and will identification the nonlinear model with
PEM in the future.
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β blade flapping angle
β0 rotor blade coning angle
β1c rotor blade longitudinal µapping angle
β1s rotor blade lateral µapping angle
δcol collective control input
δlat lateral control input
δlon longitudinal control input
δped pedal control input
a0 Coning angle
a1 Slope of lift curve
a First harmonic coefficient of longitudinal blade flapping with respect to shaft
A1 First lateral harmonic of blade feathering
Ab Area of blades
b First harmonic coefficient of lateral blade flapping with respect to shaft
B1 First longitudinal coefficient of blade feathering
Cp Coefficient of power
CQ Coefficient of torque










Inflow ratio with respect to tip path plane
µ Tip speed ratio
σ Solidity of rotor
ρ Density of air
Ω Rotational speed of rotor
τf , τs main blade and flybar time constant
rb blade radial distance
Ixx, Iyy, Izz Principle moment of inertia
L,M,N External resultant moment
X, Y, Z External resultant force
u(t) input variable
y(t) output variable
Xu, Xa, etc force derivatives of X direction force
Yv, Yb, etc force derivatives of Y direction force
Zu, Zw, etc force derivatives of Z direction force
Lu, Lv, Lb, etc moment derivatives of rolling moment
Mu,Mv,Ma, etcmoment derivatives of pitchling moment










In this project we are going to develop a parameterized model for a small-
scale unmanned helicopter H-Ling (a Thunder Tiger Raptor-90) and its
identification using various techniques. The ultimate goal of this project is
to extend the current work to build a fully functional autonomous rotor-
craft. The development of unmanned helicopters is of great interest among
researchers resulted from their no need of human crewmembers and take-
off runways, leading to broad applications of this vehicle, such as executing
dangerous missions in many aspects.
1.2 Literature Review
The development of unmanned helicopters starts in early 1990’s including
the establishment of precise dynamics model and implementation of control
law[1]. Due to the complexity of a helicopter the dynamics model is usu-
ally obtained through system identification techniques, using experimental
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input-output data collected from a plant to produce a mathematical rep-
resentation of the system’s dynamics. In the 1980s, the US Army/NASA
developed a tool named CIFER (Comprehensive Identification from FrE-
quency Responses) for the rotorcraft identification, and CIFER was suc-
cessfully applied by Mettler to identify a small-scaled helicopter [3, 8]. In
2006 Tseng and Hsiao use ARX, collaborated with CIFER, to identify the
dynamics of H-Ling [13]. However, their work requires sophisticated ma-
neuvers in flight test to stimulate spectra responses, and that increases
difficulties in flight test. As a result, the application of an alternative iden-
tification method, named PEM (Prediction Error Estimation Methods), is
discussed in this project.
1.3 Research Methodology
Having applied ARX and CIFER to identify the dynamics of H-Ling, we
intend to discuss the application of the Prediction Error Estimation Meth-
ods (PEM) in this project. The equations of motion of a small-scaled
rotorcraft are briefly reviewed first. We then briefly introduce the mathe-
matics of ARX and PEM. With the flight test data, we obtain the identi-
fied parameters of the dynamical model. Those parameters are compared
with what has been identified through different algorithms previously, and
shown consistency. Although a linearized model is applied currently, the
introduction of PEM can extend the current work to the nonlinear scheme
later.Our method is linearization of a helicopter dynamic model , but If
want to receive more parameters ,most be identification the nonlinear dy-
namic model .Because the ARX and CIFER is not suitable for nonlinear
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model.So we will identification nonlinear system model with Prediction Er-
ror Estimation Methods (PEM) in the future.The system dynamics defined
for PEM can be arbitrary. Therefore, it is eligible for identifying a nonlin-
ear system [15]. We have already found out the nonlinear parameter that




As shown in Fig. 2.2. The x axis points toward the front of the fuselage,
the z axis points downward, and the y axis completes the triad.In Fig.2.1
the dynamics of a small-scaled rotorcraft is usually composed of four parts:
A. the fuselage, modeled as a rigid body; B. the main blades, offering lift
and thrust; C. pedal blades along with gyroscope, controlling the yawing
motion; D. flybar (also known as a stabilizer bar), stabilizing the rolling
and pitching motion [5]- [7].
Figure 2.1: Thunder Tiger Raptor-90 mini-helicopter
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Figure 2.2: The Axis System
2.1 Equations of Motion
The helicopter we select to investigate is the Thunder Tiger Raptor 90,
shown in Fig. 2.1. To derive the equations of motion, we define an inertial
frame and a body fixed frame, shown in Fig. 2.2. The equations of motion
(EOM) with respect to the body-fixed reference frame attached with the
fuselage are given by
mv˙ +m(ω × v) = F (2.1)


















is the vector of angular rate, and I =
diag(Ixx, Iyy, Izz) denotes the principle moment of inertia [1, 5, 9–11].
Eq. (2.1) produces the three differential equations describing the heli-
copter’s translational motion about its three reference axes, and can be
expanded as
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u˙ = vr − wq − g sin θ +X/m (2.3)
v˙ = wp− ur + g sinφ cos θ + Y/m (2.4)
w˙ = uq − vp+ g cosφ cosφ+ Z/m (2.5)
Eq. (2.2) produces the three differential equations describing the heli-
copter’s rotational motion about its three reference axes, and can be ex-
panded as
p˙ = −qr(Iyy − Izz)/Ixx + L/Ixx (2.6)
q˙ = −pr(Izz − Ixx)/Iyy +M/Iyy (2.7)
r˙ = −pq(Ixx − Iyy)/Izz +N/Izz (2.8)
The forces and moments can be further expanded in terms of the cou-
pling effects between main blades and flybar, as well as the pedal blades
and the gyroscopic feedback. Having linearized about the state of hover,
i.e.,u = v = ω = 0,p = q = r = 0, Eq. (2.3) to (2.8) can be re-written as a
multiple-input- multiple-output , linear time invariant system, given by:
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x˙ = Ax+Bu
y = Cx (2.9)
where x is the state vector, and u is the control input vector, includ-
ing cyclic lateral input δlat , cyclic longitudinal input δlon, collective pitch
input δcol, and pedal input δped.The details of Eq. (2.9) are given in the
appendix and Refs. [6, 10, 13].
The Euler angles then can be computed from the rotation rates, given
by:
φ˙ = p+ q sinφ tan θ + r cosφ tan θ (2.10)
θ˙ = q cosφ− r sinφ (2.11)
ψ˙ = q sinφ sec θ + r cosφ sec θ (2.12)
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2.2 Linearizatiom of the Equations of Motion
δu˙ = (−w0δq + δwq0 + v0δr + δvr0) + ∆X/m (2.13)
δv˙ = (−v0δr + δur0 + w0δp+ δwp0) + ∆Y/m (2.14)
δw˙ = (−v0δp+ δvp0 + u0δq + δuq0) + ∆Z/m (2.15)
δp˙ = (−q0δr − δqr0)(Iyy − Izz)/Ixx +∆L/Ixx (2.16)
δq˙ = (−p0δr − δpr0)(Izz − Ixx)/Iyy +∆M/Iyy (2.17)
δr˙ = (−p0δq − δpq0)(Ixx − Iyy)/Izz +∆N/Izz (2.18)
where the ∆X,∆Y,∆Z are external forces and the ∆L,∆M,∆N are ex-












δlon + · · · (2.19)
where the subscrips are the partial derivatives , such as Xu ≡ ∂X∂u , etc
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2.3 Rotor Tip-Path-Plane Equation
The flapping motion is a 2pi-periodic function .Assume the blade is a rigid-
body with small flapping angle β , and small effective aerodynamics. The
blade equation as a function of blade azimuth angle Ψ = Ωt show Fig.2.5
is given by :





rb dFz drb (2.20)
Solving by Fourier series , we can obtain the solution
β(Ψ) = β0(t)− β1c(t) cosΨ− β1s(t) sinΨ (2.21)
where β0 describes the coning angle and the coefficients of the first har-
monic β1c and β1s describe the tilting of the rotor tip-path-plane in the
longitudinal and lateral directions, respectively.Show in Fig.2.3 and Fig.2.4
.We changing the notation: a instead of β1c, b instead of β1s and a0 instead
of β0, and letting a = (a0, a, b) , the motion of tip-path-plane is governed
by the following second-order matrix differential equation:
a¨+Da˙+Ka = F (2.22)
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where D is the damping matrix , K is the stiffiness matrix , and F is
the forceing term.
To solve Eq.(2.24) , we can write the fuselage equation of motion
u˙ = −gθ +Xuu+ · · ·+Xaa (2.23)
v˙ = −gφ+ Yvv + · · ·+ Ybb (2.24)
w˙ = −Zuu+ Zww · · ·+ Zcolδcol (2.25)
p˙ = Luu+ Lvv + · · ·+ Lbb (2.26)
q˙ = Muu+Mvv + · · ·+Maa (2.27)
r˙ = Nrr + · · ·+Npedδped (2.28)
where δlat, δlon, δped, δcol denote the cyclic lateral input, the cyclic lon-
gitudinal input, the pedal input and the collective input, respectively. The
subscripts in the above equations denote the partial derivative with respect
to the subscripted parameters.
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Figure 2.3: Thunder Tip-path-plane rotor representation
Figure 2.4: Thunder Tip-roll-plane rotor representation
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Figure 2.5: Definition of Rotor Parameters
2.4 Yaw Dynamics and Flybar Dynamics
The flybar dynamics is also viewed as a feedback to the main rotor dynam-
ics. Accordingly, the augmented dynamics of the main rotor is then given
by
τf a˙ = −a− τfq + Abb+ Alon(δlon +Kcc) + Alatδlat (2.29)
τf b˙ = −b− τfp+Baa+Blat(δlat +Kdd) +Blonδlon (2.30)
where τf , τs are blade time constant of main rotor and tail rotor.
And the dynamics of the flybar is similar to the main rotor and can be
written as:
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τsc˙ = −c− τsq + Clonδlon (2.31)
τsd˙ = −d− τsp+Dlatδlat (2.32)
Different from a large helicopter, a small-scaled remote rotorcraft is usu-
ally equipped with a yaw rate gyro to stabilize the yaw dynamics. We used
to view the gyro as a feedback to the yaw dynamics, and the augmented
equation of motion can be written as [10]:
r˙ = NvvNrr +Nped(δped − rfb) (2.33)
r˙fb = −Krfb +Krr (2.34)
where rfb denotes the feedback generated by the yaw rate gyro.
2.5 Transfer function in hover
Although Eq.(2.9) has a complete description to the hovering dynamics of
a small-scaled helicopter, to practically implement a state-space controller
needs powerful calculation capability. As a result, instead of considering
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the whole dynamics described in Eq.(2.9) , in hover we intend only to
control the four main channels, cyclic lateral input to rolling, cyclic lon-
gitudinal input to pitching, pedal input to yawing, and collective pitch
input to vertical motions, whose dynamics can be simplified as the follow-





s2 + (1/τs)s+ Lb(τf +Bdτs)/τs
(2.35)





s2 + (1/τs)s+Ma(τf + Acτs)/τs
(2.36)





s2 + (Krfb −Nr) + (KrNped −NrKrfb)
(2.37)







We can integrate those equations into a state-space form, given by
Mx˙ = Fx+Gu (2.39)
where the states x = [u v p q φ θ a b ω r rfb c d]
T , and the input
vector u = [δlat δlon δped δcol]
T . The complete model of the linearized
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Xu 0 0 0 0 −g Xa 0 0 0 0 0 0
0 Yv 0 0 g 0 0 Yb 0 0 0 0 0
Lu Lv 0 0 0 0 0 Lb Lw 0 0 0 0
Mu Mv 0 0 0 0 Ma 0 Mw 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 −τf 0 0 −1 Ab 0 0 0 Ac 0
0 0 −τf 0 0 0 Ba −1 0 0 0 0 Bd
0 0 0 0 0 0 Za Zb Zw Zr 0 0 0
0 Nv Np 0 0 0 0 0 Nw Nr Nrfb 0 0
0 0 0 0 0 0 0 0 0 Kr Krfb 0 0
0 0 0 −τs 0 0 0 0 0 0 0 −1 0



















0 0 0 0
0 0 Yped 0
0 0 0 0
0 0 0 Mcol
0 0 0 0
0 0 0 0
Alat Alon 0 0
Blon Blon 0 0
0 0 0 Zcol
0 0 Nped Ncol
0 0 0 0
0 Clon 0 0











The goal of system identification is to achieve the best possible fit of the
estimated frequency responses and,ultimately, the vehicle responses ,whth
a model that is physically meaningful and that has accuracy well suited
for high-bandwidth control design applications.he system identification is
one of the useful techniques to reconstruct the plant dynamics. There are
a variety of system identification techniques suitable for different kind of
problems.
There are a variety of system identification algorithms suitable for different
kind of problems. In this project, we select the ARX and PEM model to
identify the parameters of our helicopter.
3.1 Data Collection
Data collection is the first and the most important step in system iden-
tification.High quality flight data is essentual to successful identification .
Taking our investigating problems into consideration, we need flight test
data that can stimulate responses at significant frequencies. Therefore,
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rules that meet this requirement are very important. In practical experi-
ments, however, it is not easy to obtain data with good quality. Namely
we have to consider alternative ways to accomplish this difficult mission.
In addition to the considerations, we need to collect data of
1. Inputs: cyclic lateral δlat, cyclic longitudinal δlon, pedal δped, and col-
lective δcol
2. Output: Euler angles (roll: φ, pitch θ, yaw ψ) , body velocities: (u, v,
w) ,angular body rates: (roll p, pitch q, yaw r) , body accelerations:
(ax, ay, az)
We need some equipmen to help collect the flight data , Some equipment
must be setup on helicopter and some must setup at ground.These equip-
ment describes as:
• OBC: We choice five different PC-104 standard PC and PC/AT moth-
erboards and expansion cards with our flight computer.
• GPS: The GPS includes antenna and Septentrio PolaRx2@ GPS Re-
ceiver. The performance
1. Position:Vertical: 1.9 m, Horizontal: 1.1 m
2. Velocity:Vertical: 2.8 mm/s, Horizontal:1.5 mm/s
3. Update data:Up to 10 Hz raw measurement output rate ,Up to
10 Hz position output rate
4. Channel:48 hardware channels
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• PWMDecoder: The goal is measure the pilot input signal to servo and
decode the signal information than we can use to our identiification
work.
3.2 What is System Identification
System identification is a general term to describe mathematical tools and
algorithms that build dynamical models from measured data. A dynamical
mathematical model in this context is a mathematical description of the
dynamic behavior of a system or process.
3.3 Introduction to ARX
A common multi-variable ARX model with m inputs and p outputs can
written as
y(t) + A1y(t− 1) + · · ·+ Any(t− na) =
B1u(t− 1) + · · ·Bnu(t− nb) + e(t) (3.1)
where the Ai are p × p matrices and the Bi are p ×m matrices. Eq.(17)
can be transformed to a simpler form, given by
y(t) = G(q, θ)u(t) +H(q, θ)e(t) (3.2)
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where
G(q, θ) = A−1(q)B(q)
H(q, θ) = A−1(q)
A(q) = I + A1q
−1 + · · ·+ Anaq−na
B(q) = B1q
−1 + · · ·+Bnbq−nb
then define the (na ·p+nb ·m) by p parameter matrix θ = [A1 A2 · · · Ana
B1 · · · Bnb]T and the(na · p + nb · m)-dimension known data matrix
ϕ(t) = [−y(t− 1) · · · − y(t− na) u(t− 1) · · · u(t− nb)]T
Then Eq.(15) becomes
y(t|θ) = ϕT (t)θ + e(t) (3.3)



















By minimizing the cost function with the least-square method, we are able
to solve the parameter θ , and reconstruct the dynamics, given by
θ̂
LS















3.4 Introduction to PEM
Define the collection all past data up to time N
ZN = {u(1), y(1), u(2), y(2), · · ·u(N), y(N)} (3.6)
The basic idea of prediction error is to describe the model as a predictor of
the next outputyˆN(t | θ) = f(Zt−1, θ),wheref(Zt, θ) is the arbitrary func-
tion of the past observed data and parameters to estimate. By minimizing
the distance between the predicted outputs (according to parameter θ) and
the measured outputs (or the cost function), given by




`(y(t)− f(Zt−1, θ)) (3.8)
we are able to estimate the parameters using maximum likelylood method.
The actual calculation of the minimizing argument can be complicated.
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We use the Gauss-Newton method:






























yˆ(t | θ) (3.10)
Here µi is a scalar, adjusted so that the criterion VN(θ
(i+1)) < VN(θ
(i))The
two algorithms have been realized and developed as a toolbox in Matlab.
In this research we simply apply our flight test data to the toolbox and
analyze the results
3.5 Comparison between ARX and PEM
Even though we can obtain linear dynamics models of R-90 from both
ARX and PEM, there are still fundamental differences between these two
algorithms. First of all, ARX identify parameters via a cost function while
PEM via maximum likely hood method. Second, ARX identify parameters
via a linear model with PEM a general model, which makes PEM extend
its applications to a nonlinear region. Third, to stimulate the spectra of a
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helicopter so that a better result using ARX is attainable, we have to do a
very sophisticated maneuver in flight test, leading to higher possibility of
accidents when doing flight test. As a result, PEM is an alternative choice
since it identifies parameters using data history and given model, which




Identified Results of linearized
system
Flight data of this experiment.We only do roll and pitch in movement of
the helicopter.Because that the helicopter is difficult to control . And that
in our helicopter used for experiment in yaw channel have a gyroscope , it
can help us to stability of the posture . So the result that we distinguish
out may be distorted .
In this section figures and parameters, listed in tables, of identified pa-
rameters are given. At beginning we provide the Bode plots of the two
channels identified using ARX and CIFER. Lists of identified parameters
and discussions are then provided.
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4.1 Flight Test Rules
When we use ARX and CIFER to identification our data in hover, it has
some rules . The test rules are detailed in Ref. [1], and we just briefly
introduce here. The principle considerations are:
1. Sufficient excitation throughout frequency range of interest
2. Record length and sampling rate
3. Maintain the operation within range of linear dynamics
4. Minimize correlation among inputs
5. Minimize amount of feedback. During our experiment
all control inputs and all vehicle state variables where recorded and sampled
at 10 Hz .At least two continuous waves as show in Fig.4.1 and Fig.4.2 .
In addition , it low-frequency is near 0.1-2 rad/sec and high-frequency is
near 8-14 rad/sec . In our experiment, the input signals are obtained form
the measurement of the PWM signal, whichis the signal that drives the
servos. Thus, we use the percentage input, calculated from the PWM
signals, between ±100% to replace the real pitch-angle input.
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Figure 4.1: The Roll Sine Input
Figure 4.2: The Pitch Sine Input
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4.2 Identified with ARX
Our flight data input use OBC send automatically separately the sine in-
put.signal on roll and pitch. Show in Fig.4.1 and Fig.4.2 . The Fig.4.1 use
roll sine input , during flying , the persons who control try one’s best to
avoid other movements . So in some period , we Can see green line (pitch)
segment levels the state . Namely the introduction without pitch signal is
interfered this period . But some times still unable to totally avoid .
Then we use the data as show in Fig.4.1 with ARX . We can find out that
it is a two order system from Fig.4.3 , and can get the natural frequencies
ωn ≈ 20.6 and damping ratios ξ ≈ 0.16− 0.19 too.
Next we use the data as show in Fig 4.2 with ARX .The data use OBC send
automatically separately the sine signal on pitch . We can see that during
flying the red line (roll) segment levels the state . Namely the introduction
without roll signal is interfered this period . But some times still unable
to totally avoid too . We also can find out that it is a two order system
from Fig.4.4 and can get natural frequencies ωn ≈ 11 and damping ratios
ξ ≈ 0.39− 0.4 . In order to prove the result accuracy that uses with ARX
identification technology . We use the CIFER to confirm the accuracy of
the result in next section.
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Figure 4.3: The Bode plot of p/δlatfromARX
Figure 4.4: The Bode plot of q/δlon from ARX
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4.3 Identified with CIFER
when we identified with CIFER , we use the same flight data as show
Fig.4.1 and Fig.4.2 . Then it can find out that it is a two order system in
roll channel , can get natural frequencies ωn = 19.649 and damping ratios
ξ = 0.1679 from Fig.4.5 and Fig.4.6 . And can find out that is atwo order
system in pitch channel too . See the Fig.4.7 and Fig.4.8 can get the natu-
ral frequencies ωn = 19.649 and damping ratios ξ = 0.1679 . The Fig.4.9
and Fig.4.10 are coherence plot about input and output . The coherence
γuy indicates how much an output y is linearly correlated with a particular
input u as a function of frequency . The coherence is computed from the






If greater than 0.6 , we can get better identification result . In our sine
input data can see that the period longest about five seconds . So frequency
is about 1.256 rad/s , We can find roll part good after this frequency from
the coherence plot (above 0.6) , but it is bad in pitch part .
29
Figure 4.5: The Bode magnitude plot of p/δlat from CIFER
Figure 4.6: The Bode phase plot of p/δlat from CIFER
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Figure 4.7: The Bode magnitude plot of q/δlon from CIFER
Figure 4.8: The Bode phase plot of q/δlon from CIFER
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Figure 4.9: The Coherence plot of p/δlat
Figure 4.10: The Coherence plot of q/δlon
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4.4 Identified Parameters with ARX , CIFER ,PEM
In previous sections we used ARX and CIFER to identify the model . Now,
we will use PEM to identify the R90 model. The new version of System
Identification Toolbox in Matlab 2007a make many improvement and in-
clude function of nonlinear system identification. This version of toolbox
was much more intact. The command of PEM will help process our prob-
lem.
Identified parameters are given in the following tables. Table.4.2 and Ta-
ble.4.3 provide the damping ratios and natural frequencies for the lateral
and longitudinal channels, respectively . We can get the R-50 parameters
from [1], and use scaling rule to get consulting value . The scaling rule is
according to on physical characteristic , about the rotor length Lp,etc .We
use Froude scaling and March scaling , The table.4.1 show the scaling rules
. We will get vale with R-50 model and guess value of R-90 , when N = 2






























Frequency ωm = ωp
√
N ωm = ωp
√
N
Table 4.1: Scaling rules of Froude and March
The complete parameters, identified using different algorithms, are listed
in Table.4 for comparison.Where a and longitudinal are related , b and
lateral are related in hover . So we define Ba = Ab = Blon = Alat = 0 ,
other parameters can according to the transfer function from chapter.2 . If
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the parameters are in transfer function for pitch rate response , can believe
it is relatively correct in result of PEM about pitch . If the parameters are
in transfer function for roll rate response , can believe it is relatively cor-
rect in result of PEM about roll As this rule we can get these parameters
Lb, Blat, Bd, Dlat is subject to roll , and these parameters Ma, Alon, Ac, Clon,
is subject to pitch , Because our flight data just have roll and pitch chan-
nel . So the other parameter have not consulted the rule of depending on
temporarily .That the values of most parameters are consistent through
out different identification algorithms. However, some of them are still in-
consistent. As a result, more flight tests should be performed in order to





Consulting value 0.15-0.22 14-20





Consulting value 0.19-0.28 12.73-18
Table 4.3: Parameters for longitudinal channel
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Parameter PEM(roll) PEM(pitch) ARX Parameter PEM(roll) PEM(pitch) ARX
τf 0.0268 0.047 0.052 τs 0.2492 0.1122 0.22
Xu -0.6417 -0.209 -0.05 Yv -0.1021 -0.111 -0.154
Lu -0.2391 0.0047 -0.14 Lv 0.2133 0.1048 -0.14
Lb 326 325.99 320 Mu 0.1134 0.1347 -0.056
Mv 0.1884 -0.069 -0.058 Ma 203.99 203.99 204
Ba 0 0 0 Bd 1.1317 0.1336 1.51
Ab 0 0 0 Ac 1.0357 0.9303 1.51
Za -9.7501 -9.7499 -9.57 Zb -131 -131 -131
Zw -2.0572 -0.9201 -0.614 Zr 0.7449 0.9048 0.93
Nv -0.0079 0.0963 0.03 Nw 0.9255 1.006 0.086
Np -3.4789 -3.506 -3.53 Nr -4.7137 -0.7053 -0.4
Kr -0.7128 0.723 2.16 Alat 0 0 0
Alon 0.1734 0.1102 0.53 Blat 0.0473 -0.0021 0.42
Blon 0 0 0 Clon 0.0348 0.1336 0.11
Dlat -0.0995 -0.0051 0.11 Zcol -45.722 -45.77 -45.8
Ncol -2.8524 -2.9365 -3.33 Nped 33.1027 33.1052 9.16




In the preceding sections, the linear model of R-90 as well as its parameters
are identified and provided. However, the application of a linear model is
usually limited to the neighborhood of the nominal states. For a complex
machine like a helicopter, this implies that a linear model only helps to ma-
neuver under certain simple and fixed circumstance. For example, control
to remain at the hovering state. If one wants to maneuver the helicopter
from state to state, say, from hover to cruise, a linear model cannot afford
enough information.
An alternative solution to the problem of states transferring is to de-
velop a nonlinear model, which usually has wider range of applications.
However, due to the complexity of the coupling effects between aerodynam-
ics and helicopter dynamics, a pure nonlinear model is hardly to obtain.
Instead, we are going to use a linear model but with nonlinear parameters.
Although this may limit the application of this model, we still can con-
sider the problem of states transferring through updating the parameters
frequently.
We don’t intend to derive the linear model with nonlinear parameters
(will be briefed as “the nonlinear model” in the following texts), which
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is already derived in Ref. [14] and listed in teh following section. In this
project we are going to apply the system identification methodology to
obtain the values of the constants in the nonlinear parameters.
5.1 Nonlinear Parameters list
In Eq. (2.42) we have introduced several linearized parameters, such as
(Xu =
∂X
∂u , Xv =
∂X
∂v , .............,Ncol =
∂N
∂δcol
). Those parameters are treated
as fixed values in every flight state in the preceding sections. In this section,
however, we are going to further expand those parameters into nonlinear
terms, and investigate the most primary constants in those parameters.





















































































































































































































































































































































































































































































































































In addition to the listed parameters, we still have Za, Zb, Zr that don’t
40
have expansions. Therefore, those will still be treated as independent pa-
rameters.
5.2 Known and Unknown Parameters
Although there are many parameters to be identified, they can categorize
into two groups: the known and unknown group. Here, the known parame-
ters are defined as those that we can measure through a simple experiment,
such as length or area, and those that we can obtain from mathematical
derivation or existing database, such as density of atmosphere, which are
listed in Table 5.2. The other parameters are categorized into the un-
known parameters since they must be obtained via flight test and system
identification methodology, which are listed in Table 5.2.
The unknown parameters are going to be identified using PEMmethod-
ology. However, due to the hardware problems the flight test is already
scheduled but not performed. As a result, the identification of those pa-
rameters will be scheduled as future work.
R-90
Rotor speed 1850 rpm
Full length of fuselage 1410 mm
Full width of fuselage 190 mm
Main rotor Diameter 1550 mm
Tail rotor Diameter 260 mm
Flybar Diameter 660 mm
Total Height 465 mm
Full equipped weight 4.8 kg
Maximum Payload 15 kg
Table 5.1: Characteristics of R-90
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solidity of rotor σ
slope of lift curve a1
three-quater pitch angle θ.75
average pitch at the center of rotation θ0
pitch at the blode tip θt
coefficient of thrust CT
coefficient of torque CQ
slope of L to b (dL
db
)M




The dished between main rotor and z-axis lM
The dished between main rotor and x-axis bM
The dished between tail rotor and z-axis lT
The dished between tail rotor and x-axis bT
Table 5.2: Unknown Parameters
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Chapter 6
Conclusion and Future Work
6.1 Conclusion
In this project, we first review the equations of motion for small-scales
rotorcraft R-90, which later help the work of the identification. Then we
use various system identification techniques, including ARX, CIFER, and
PEM, to reveal dynamical parameters, and verify the results by compar-
ing those from different identification algorithms. Most of the identified
parameters are shown to be consistent, even though some of them still
need more flight tests to confirm. The introduction of PEM in this project
can be extended to the nonlinear scheme later on. We also investigate the
nonlinear model in the last chapter. All the nonlinear parameters can be
categorized into two groups: the known and unknown group, between which
the unknown group can be obtained via identification methodology. One




In this project, we already find linear parameters of R-90 in the hover
flight. We will refine the nonlinear grey model to get good results and use
PEM to identify nonlinear parameters of R-90 in the future.
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